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Abstract
We work out the one-loop and order κ2m2φ UV divergent contributions, coming from
Unimodular Gravity and General Relativity, to the S matrix element of the scattering
process φ+φ→ φ+φ in a λφ4 theory with mass mφ . We show that both Unimodular
Gravity and General Relativity give rise to the same UV divergent contributions in
Dimension Regularization. This seems to be at odds with the known result that in a
multiplicative MS dimensional regularization scheme the General Relativity corrections,
in the de Donder gauge, to the beta function βλ of the λ coupling do not vanish, whereas
the Unimodular Gravity corrections, in a certain gauge, do vanish. Actually, we show
that the UV divergent contributions to the 1PI Feynman diagrams which give rise to
those non-vanishing corrections to βλ do not contribute to the UV divergent behaviour
of the S matrix element of φ+ φ→ φ+ φ and this shows that any physical consequence
–such existence of asymptotic freedom due to gravitational interactions– drawn from the
value of βλ is not physically meaningful.
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1 Introduction
In Unimodular Gravity the vacuum energy does not gravitate. Actually, when Unimodular
Gravity is coupled to matter there is no term in the classical action where the graviton field
is coupled to the potential. Thus, a Wilsonian solution of the problem that arises in General
Relativity of the huge disparity between the actual value of the Cosmological Constant and
its theoretically expected value seems to show up [1, 2, 3].
At the classical level Unimodular Gravity and General Relativity are equivalent theories
[4, 5, 6, 7], at least as far as the classical equations of motion can tell [8, 9, 10]. Putting aside
the matter of the Cosmological Constant problem mentioned above, whether such equivalence
survives the quantization process is still an open issue; even for physical phenomena where the
Cosmological Constant can be effectively set to zero. Several papers have been published where
this quantum equivalence has been discussed: see Refs. [11, 12, 13, 14, 15, 16, 17, 18, 19, 20].
However, only in two of them [18, 19] the coupling of Unimodular Gravity with matter has
been considered.
In Ref. [19] the coupling of Unimodular Gravity to a massive λφ4 theory was introduced
and the corrections to the beta function of the coupling λ coming from Unimodular Gravity
were computed. The results obtained point in the direction that, when coupled to the λφ4
theory, Unimodular Gravity and General Relativity are equivalent at the quantum level, at
least when the Cosmological Constant can be dropped and for the one-loop UV divergent
behaviour considered. However, this conclusion regarding the UV behaviour of these theories
–General Relativity plus λφ4 and Unimodular Gravity coupled to λφ4 – cannot be considered
as final since, as shown in Ref. [19], the gravitational corrections to the beta function of the
coupling λ have a very dubious physical meaning. To settle this issue for once and all is
important since it has been argued [22, 23] that the General Relativity corrections to the beta
function of the coupling λ gives rise to asymptotic freedom, with obvious implications on the
Higgs physics.
The purpose of this paper is to compute the one-loop and order κ2m2φ UV divergent
contributions to the S matrix element of the scattering process φ + φ → φ + φ in a massive
–with mass mφ , λφ
4 – theory coupled either to General Relativity or to Unimodular Gravity,
both in the vanishing Cosmological Constant situation. We shall show that such UV divergent
behaviour is the same in Unimodular Gravity case as in the General Relativity instance and
this is in spite of the fact this equivalence does not hold Feynman diagram by Feynman
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diagram. This result is not trivial since Unimodular Gravity does not couple to the scalar
potential in the classical action and it provides further evidence that Unimodular Gravity and
General Relativity are equivalent at the quantum level and for zero Cosmological Constant.
As a side result, we shall show that the UV divergent contributions which give rise to the
non-vanishing gravitational corrections to the beta function of the coupling λ computed in
[19, 22, 23] are completely useless for characterizing UV divergent behaviour S matrix element
of the φ + φ → φ + φ scattering. This is completely at odds with the non-gravitational
corrections to the beta function of λ and it shows beyond the shadow of a doubt that the
gravitational corrections to the beta function of the coupling constants lack, in general, any
intrinsic physical meaning. This also applies to the physical implications of a beta function
turning negative due to the gravitational corrections.
The lay out of this paper is as follows. In section 2 we display the relevant formulae that are
needed to carry out the computations in section 3. Section 3 is devoted to the computation the
one-loop and order κ2m2φ , mφ being the mass of the scalar particle, UV divergent contributions
to the S matrix element of the scattering φ+φ→ φ+φ . Finally, we have a section to discuss
the results presented in the paper.
2 Gravity coupled to λφ4
In this section we shall just display the classical actions of General Relativity and Unimodular
Gravity coupled to λφ4 and the graviton free propagator in each case.
2.1 General Relativity coupled to λφ4
It goes without saying that the classical action of General relativity coupled to λφ4 reads
SGRφ = SEH + S
(GR)
λφ4
SEH = − 2
κ2
∫
dnx
√−gR[gµν ]
S
(GR)
λφ4 =
∫
dnx
√−g
[1
2
gµν∂µφ∂νφ− 1
2
M2φ2 − λ
4!
φ4
] (2.1)
where κ2 = 32piG , R[gµν ] is the scalar curvature for the metric gµν .
Using the standard splitting
gµν = ηµν + κhµν ; (2.2)
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and the generalized de Donder gauge-fixing term∫
dnxα(∂µhµν − ∂νh)2, h = hµνηµν ,
which depends on the gauge parameter α , one obtains the following free propagator of the
graviton field hµν :
〈hµν(k)hρσ(−k)〉 = i
2k2
(ηµσηνρ + ηµρηνσ − ηµνηρσ)
− i
(k2)2
(
1
2
+ α
)
(ηµρkνkσ + ηµρkνkσ + ηνρkµkσ + ηνσkµkρ).
(2.3)
ηµν denotes the Minkowski, (+,−,−,−) , metric.
Up to first order in κ , S
(GR)
λφ4 in (2.1) is given by
S
(GR)
λφ4 =
∫
dnx
[1
2
∂µφ∂
µφ− 1
2
M2φ2 − λ
4!
φ4 − κ
2
T µνhµν
]
+O(κ2), (2.4)
where
T µν = ∂µφ∂νφ− ηµν(1
2
∂λφ∂
λφ− 1
2
M2φ2 − λ
4!
φ4
)
.
In (2.4), contractions are carried out with ηµν , the Minkowski metric.
2.2 Unimodular Gravity coupled to λφ4
Let gˆµν denote the Unimodular –ie, with determinant equal to (−1) – metric of the n dimen-
sional spacetime manifold. We shall assume the mostly minus signature for the metric. Then,
the classical action of Unimodular gravity coupled to λφ4 reads
SUGφ = SUG + S
(UG)
λφ4
SUG = − 2
κ2
∫
dnx R[gˆµν ]
S
(UG)
λφ4 =
∫
dnx
[1
2
gˆµν∂µφ∂νφ− 1
2
M2φ2 − λ
4!
φ4
] (2.5)
where κ2 = 32piG , R[gˆµν ] is the scalar curvature for the unimodular metric.
To quantize the theory we shall proceed as in Refs. [11, 15, 21] and introduce the uncon-
strained fictitious metric, gµν , thus
gˆµν = (−g)−1/n gµν ; (2.6)
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where g is the determinant of gµν . Then, we shall express the action in (2.1) in terms of the
fictitious metric gµν by using (2.6). Next, we shall split gµν as in (2.2)
gµν = ηµν + κhµν ; (2.7)
and, finally, we shall defined the path integral by integration over hµν and the matter fields,
once an appropriate BRS invariant action has been constructed.
Since our computations will always involve the scalar field φ and will be of order κ2 , we
only need –as will become clear in the sequel– the free propagator of hµν , 〈hµν(k)hρσ(−k)〉 ,
and the expansion of Sλφ4 up to first order in κ . Using the gauge-fixing procedure discussed
in Ref. [15], one obtains
〈hµν(k)hρσ(−k)〉 = i
2k2
(ηµσηνρ + ηµρηνσ)− i
k2
α2n2 − n+ 2
α2n2(n− 2) ηµνηρσ
+
2i
n− 2
(
kρkσηµν
(k2)2
+
kµkνηρσ
(k2)2
)
− 2in
n− 2
kµkνkρkσ
(k2)3
.
(2.8)
The expansion of Sλφ4 in powers of κ reads
S
(UG)
λφ4 =
∫
dnx
[1
2
∂µφ∂
µφ− 1
2
M2φ2 − λ
4!
φ4 − κ
2
T µν hˆµν
]
+O(κ2), (2.9)
where hˆµν = hµν − 1
n
h , with h = ηµνh
µν , is the traceless part of hµν and
T µν = ∂µφ∂νφ− ηµν(1
2
∂µφ∂
µφ− λ
2
M2φ2 − λ
4!
φ4
)
. (2.10)
Again, the contractions in (2.9) are carried out with the Minkowski metric ηµν .
Notice that the summand in T µν which is proportional to ηµν does not actually contribute
to T µν hˆµν , since hˆµν is traceless. In terms of Feynman diagrams, this amounts to saying that
the ηµν part of T µν will never contribute to a given diagram since it will always be contracted
with a free propagator involving hˆµν . This as opposed to the case of General Relativity and
makes the agreement between General Relativity coupled to matter and Unimodular Gravity
coupled to matter quite surprising already at the one-loop level.
It is the free propagator of hˆµν , 〈hˆµν(k)hˆρσ(−k)〉 , and not the full graviton propagator in
(2.8), the correlation function that will enter the computations carried out in this paper. From
(2.8) one readily obtains that
〈hˆµν(k)hˆρσ(−k)〉 = i
2k2
(
ηµσηνρ + ηµρηνσ − 2
n− 2ηµνηρσ
)
+
2i
n− 2
kµkνηρσ + kρkσηµν
(k2)2
− 2in
n− 2
kµkνkρkσ
(k2)3
.
(2.11)
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3 The φ+ φ→ φ+ φ scattering at one-loop and at order κ2m2φ
The purpose of this section is to work out the one-loop and order κ2m2φ UV divergent contribu-
tion, coming from General Relativity and Unimodular Gravity, to the dimensionally regularized
S-matrix element of the φ + φ → φ + φ scattering process and discuss the meaning of the
results we shall obtain.
3.1 General Relativity contributions
Let us consider the General Relativity case in the first place. To define the S-matrix of the
φ + φ → φ + φ scattering at one-loop, we need the one-loop propagator of the scalar field φ
to have simple pole at the physical mass, mφ with residue i . This is achieved by introducing
the following mass and wave function renormalizations
m2φ = M
2 + iΓφφ(p
2 = m2φ, κ)
φ = φR
[
1− iΓ′φφ(p2 = m2φ, κ)
]−1/2
, Γ
′
φφ(p
2, κ) =
∂Γφφ(p
2, κ)
∂p2
,
(3.1)
where M2 and φ are the bare objects in the action in (2.1). In the previous equation, the
symbol Γφφ(p
2) denotes the one-loop contribution to the 1PI two-point function of the scalar
field. The General Relativity contribution, iΓ
(GR)
φφ (p
2, κ) –the non-gravitational ones can be
found in standard textbooks– to iΓφφ(p
2) is given by the diagram in Figure 1 and it reads
iΓ
(GR)
φφ (p
2, κ) =
( 1
16pi2
)[
1 +
(
1
2
+ α
)]
κ2M2(p2 −M2) + UV finite contributions, (3.2)
where n = 4 + 2 is the spacetime dimension. The wavy line in Figure 1 denotes the free
propagator in (2.3).
p
p
k
p− k
Figure 1: iΓφφ(p
2;κ)
Now, in terms of the mφ and φr defined in (3.1), the one-loop and order κ
2m2φ General
Relativity contribution to the dimensionally regularized S-matrix element of the scattering
process φ+ φ→ φ+ φ is given by the sum the diagrams in Figures 2, 3 and 4 –bear in mind
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that the wavy lines represent free propagator in (2.3). Notice that the diagram in Figure 33
comes from the wave function renormalization in (3.1), which guarantees that asymptotically
φr is the free field at t = ±∞ . It can be shown that the sum of all the diagrams in Fig. 2 is
given by
iΓ
(GR)
φφφφ(p1, p2, p3, p4;κ)|p2i=m2φ =
=
( −1
16pi2
)[
1 +
(
1
2
+ α
)]
κ2λ
(∑
i<j
pi · pj|p2i=m2φ + 4m2φ
)
+ UV finite contributions =
=
( −1
16pi2
)[
1 +
(
1
2
+ α
)]
κ2m2φλ
[
2
]
+ UV finite contributions.
(3.3)
Note that i, j = 1, 2, 3 and 4 .
p1
p3
p2
p4
p1 + k p2 − k
k
(a) + 5 permutations
p1
p3
p2
p4
p1 + k
k
(b) + 4 permutations
Figure 2: 1 loop scalar four-point function: iΓ
(GR) or (UG)
φφφφ (p1, p2, p3, p4;κ)
Taking into account (3.1) and (3.2), one concludes that contribution to the dimensionally
regularized S-matrix coming from the diagram in Figure 3 reads
iΓ
(GR,ct)
φφφφ (p1, p2, p3, p4;κ) = λ
[
1− i∂Γ
(GR)
φφ
∂p2
(p2 = m2φ, κ)
]−2
− λ =
=
( 1
16pi2
)[
1 +
(
1
2
+ α
)]
κ2m2φλ
[
2
]
+ UV finite contributions.
(3.4)
From (3.3) and (3.4), one immediately realizes that the
iΓ
(GR)
φφφφ(p1, p2, p3, p4;κ)|p2i=m2φ + iΓ
(GR,ct)
φφφφ (p1, p2, p3, p4;κ) = UV finite contributions, (3.5)
so that the General Relativity one-loop and order κ2m2φ UV divergent contributions to the
S-matrix of the process φ + φ→ φ + φ may only come from the non-1PI diagrams in Figure
7
p3 p4
p1 p2×
Figure 3: Onshell counterterm
4. This sum reads
iNΓ
(GR)
φφφφ(p1, p2, p3, p4;κ)|p2i=m2φ =
=
( −1
16pi2
)( 1
12
)
κ2λ
[
1
2
(s+ t+ u)|p2i=m2φ +m2φ
]
+ UV finite contributions =
=
( −1
16pi2
)(1
2
)
κ2m2φλ + UV finite contributions.
(3.6)
p1
p2
k + p1 + p2
k
p3
p4
p1
p2
k + p1 + p2
k
p3
p4
+ u and t channels
Figure 4: Non-1PI diagrams
We are now ready to display the one-loop and order κ2m2φ UV contribution to the di-
mensional regularized S matrix element of the scattering process φ + φ → φ + φ coming
from General Relativity. The contribution in question is obtained by adding the UV divergent
contributions in (3.3), (3.4) and (3.6) and it reads( −1
16pi2
)(1
2
)
κ2m2φλ. (3.7)
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Let us insist on the fact that the contribution in (3.7) only comes from the diagrams in Figure
4, which are one particle reducible, for the contribution coming from the 1PI diagram in Figure
3 cancels the contributions coming from the diagrams in Figure 2, as seen in (3.5).
3.2 Unimodular Gravity contributions
To compute the one-loop and order κ2m2φ Unimodular Gravity contributions to the S matrix
element giving the φ+φ→ φ+φ scattering, one proceeds as in the previous subsection,taking
into account that now the wavy lines in the Feynman diagrams in Figures 1, 2, and 4 stand
for the traceless free correlation function in (2.11) and that the diagrams in Figure 2b are zero
since they come from the contraction of the ηµν bit of Tµν in (2.10) and the traceless hˆµν
field. Our computations yield the following results
iΓ
(UG)
φφ (p
2, κ) = 0 + UV finite contributions
iΓ
(UG)
φφφφ(p1, p2, p3, p4;κ)|p2i=m2φ = 0 + UV finite contributions
iNΓ
(UG)
φφφφ(p1, p2, p3, p4;κ)|p2i=m2φ =
=
( −1
16pi2
)( 1
12
)
κ2λ
[
1
2
(s+ t+ u)|p2i=m2φ +m2φ
]
+ UV finite contributions =
=
( −1
16pi2
)(1
2
)
κ2m2φλ + UV finite contributions,
(3.8)
where iΓ
(UG)
φφ (p
2, κ) is give by the diagram in Figure 1, iΓ
(UG)
φφφφ(p1, p2, p3, p4;κ) is the sum of
all the diagrams –which are not trivially zero– in Figure 2 and iNΓ
(UG)
φφφφ(p1, p2, p3, p4;κ) is the
sum of all the diagrams in Figure 4 and mφ is the physical mass of the scalar field φ .
By applying the on-shell definitions in (3.1) –ie, now M2 and φ are the bare objects in
the action in (2.5)– to our case, one concludes that for Unimodular Gravity the diagram in
Fig. 3 is given by
iΓ
(UG,ct)
φφφφ (p1, p2, p3, p4;κ) = λ
[
1− i∂Γ
(GR)
φφ
∂p2
(p2 = m2φ,M
2)
]−2 − λ =
= 0 + UV finite contributions.
(3.9)
Taking into account the results in (3.8) and (3.9) and adding the UV divergent contributions
to iΓ
(UG)
φφφφ(p1, p2, p3, p4;κ)|p2i=m2φ , iΓ
(UG,ct)
φφφφ (p1, p2, p3, p4;κ) and iNΓ
(UG)
φφφφ(p1, p2, p3, p4;κ)|p2i=m2φ ,
one obtains the one-loop and order κ2m2φ UV contribution to the dimensional regularized S
9
matrix element of the scattering process φ + φ → φ + φ coming from Unimodular Gravity,
which runs thus ( −1
16pi2
)(1
2
)
κ2m2φλ. (3.10)
This is the same contribution that we obtained in the General Relativity case –see (3.7).
Notice, however, that both iΓ
(UG)
φφφφ(p1, p2, p3, p4;κ)|p2i=m2φ and iΓ
(UG,ct)
φφφφ (p1, p2, p3, p4;κ) are UV
finite, which is at odds with their General Relativity counterparts in (3.3), (3.4).
4 Discussion
To get a more physical understanding of the results presented on the two previous subsections,
we shall carry out the standard replacement
1

→ − ln Λ
2
µ2
in each UV divergent expression of the previous subsection. This way the UV divergent
contributions we have computed as poles at  = 0 are interpreted as the logarithmically
divergent contributions arising from virtual particles moving around the loop with momentum
Λ , with Λ being the momentum cutoff. Thus, (3.7) and (3.10) tell us that the sum of all
those contributions are the same in General Relativity as in Unimodular Gravity when the S
matrix element of the scattering process φ+ φ→ φ+ φ is computed at one-loop and at order
κ2m2φ . This contribution being ( 1
16pi2
)(1
2
)
κ2m2φλ ln
Λ2
µ2
.
This is a non-trivial result since the way the graviton field hµν , couples to the energy-
momentum tensor T µν , in General Relativity is not the same as in Unimodular Gravity –see
(2.4) and (2.9). Indeed, in Unimodular Gravity only the traceless part of hµν is seen by T µν ,
which imply that some diagrams –the in Figure 2b– are absent –ie, they vanish off-shell– for
Unimodular Gravity, while they are non zero for General Relativity. What is more, even the
on-shell sum of all the 1PI diagrams in Figure 2 yield a nonvanishing UV divergent contribution
in General Relativity -see (3.3), whereas the corresponding contribution is zero for Unimodular
Gravity.
Another issue that deserves being discussed is the following. As shown in Ref. [22] the Gen-
eral Relativity correction to the beta function of the coupling λ computed in the multiplicative
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MS scheme, applied off-shell, are not zero. This correction comes from the UV divergent part
of the off-shell sum of all the diagrams in Figure 2, upon introducing a multiplicative, and
off-shell, MS wave function renormalization of φ . And yet, as we have shown above, the UV
divergent bits of the diagrams in Figure 2 do not contribute to the UV divergent behaviour of
S matrix element of the φ+ φ→ φ+ φ scattering. This clearly shows that the beta function
in question lacks any intrinsic physical meaning, since it is irrelevant in understanding the
UV divergent behaviour of the S matrix element in question. This conclusion is in complete
agreement with the analysis carried out in [19] –see also Ref. [24]– where it has been shown
that those nonvanishing corrections found in Ref. [22] can be set to zero by considering a
non-multiplicative wave function renormalization.
As a final remark, notice that the UV divergent behaviour of the S matrix element that we
have computed comes entirely from the one-loop contribution to the 1PI function 〈hµνφφ〉(1PI) ,
which at tree level does not involve λ . This shows that any physical consequence –such as
existence of asymptotic freedom due to gravitational interactions– drawn from the value of βλ
in not physically meaningful.
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